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Abstract—This note discusses an approach to the model reduction of
iscrete event systems represented by finite-state machines.

|. INTRODUCTION
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The two requirements of having a small-order model and a tight lan-
guage approximation are conflicting. The procedure presented in this
paper can be recursively applied, starting with a given FSM and com-
puting contractions until a satisfactory tradeoff between order of the
model and degree of language approximation is reached.

The proposed approach is particularly useful in the case of systems
composed of interconnected subsystems. It is well known that com-
posing the FSM modules that describe the different subsystems—e.g.,
using the concurrent composition operator [7]—the number of states of
the resulting overall model grows exponentially. The reduction of even
a few states in each FSM module may lead to a significant simplifica-
tion of the resulting overall model.

This note is structured as follows. In Section Il, the notation used is
presented. In Section Ill, contractions are defined and their properties
are studied. In Section IV, an efficient algorithm for computing a set
of good reduced-order approximations by contraction is presented. In
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Section V, a quantitative measure to choose the best among a set of L(M,). We also say thad/, implementsL. and that it is an

reduced order approximations is given. approximation of orden,, of M.
3) An ordern, implementable approximatioh, of L(M) is in-
Il. BACKGROUND fimal if there does not exist another DFSM" with n" < n,
. - . states such that, > L(M') D L(M). If M, implementsL,,
An FSM [3], [4] is a 5-tupleM = (Q, X, 6, g, F), where:Q) is a we say that\{, is aninfimal approximation of orden, of M.

finite-state set¥. is a finite alphabet of symbol$,: Q) x © — 29 is
the transition relationg, € Q is the initial state * C @ is a set of
final states. The transition relatidnis usually extended to apply to a
state and a string, rather than a state and a symbol.

Letw = ajaz---ar € * andq’ € 6(¢q, w). Then, the following is
alegal move of\f: m(q,w) = qla1)qi]az) < - gr—1[a, )¢ = qlw)q’
and we defineng(q,w) = {q1,- -, ¢r—1}.

An FSM is said to beleterministid DFSM) if the transition relation ~ Given a minimal DFSMVW with » states how can one find an infimal
is such thabt(q, a) is a singleton set or is not defined. approximation of orden’ < n? One possibility is that of computing

The language generated by a FSNis the set of all strings: gen-  all DFSMs withr' states over the same alphaBetf A/ and of looking
erated with a move that starts from the initial state and reaches a fifrithose that satisfy the definition of infimal approximations. However,
state, i.e., this approach is clearly infeasible in light of the following proposition.

Proposition 1: There aren’ + 1)"""' -2 different DFSMs with
n' states and alphab&t of cardinalitym.

Proof: According to the definition of DFSM given in the previous
section, for ally € Q and alla € T there arex’ + 1 possible choices

Note that the above definitions are slightly different from classic de®f ¢(¢ @), keeping in mind that it may be undefined. Thus, there are
initions of automata, but are consistent with the modern discrete evéfit+1)" " different possible choices 6f Finally, sincer” is a subset
systems terminology. As an example, in the classic definition of det&f @, there are™” different possible choices df. O
ministic automata it is required thatq, «) be defined for aly € Q We will explore the possibility of using contractions, whose structure
and foralla € S. can be easily computed, as means of finding approximations of a given

Note also that in the discrete event system approach [7], there Bf&imal DFSMM .
usually two different notions of languages. Therked behaviois Definition 2: Let M = (Q.Z,6,q0,F) be a DFSM and let
identical to the languagé& (M) defined above. Thelosed behavior -4 € @, With ¢i # q;. The (i, j)-contractionof M is the FSM
is defined as the set of strings generated with a move that starts fr8fn.; obtained fromAZ by merging states;; and ¢;. Formally,
the initial state and reaches any staté6f Without any loss of gener- Mi,; = (Q'.Z. 8", ¢, F"), where
ality, this note will only consider marked languages, since any closedl) the state seti® = Q U {gnecw }\{¢i-¢;};
language can be considered as a marked language if one lets the set @) the transition relation is shown in the equation at the bottom of
final statesF’ be identical to the set of all statés the page;

ADFSM M = (Q,X, 8, g0, F) with n states is said to bainimal 3) the initial state is
[5], [6] if there does not exist a DFSMII' = (Q', %, &', gy, F') with
n' < n states such that(M') = L(M). Note that in the classic /| qo, ifgoe@ N Q
definition of minimal FSM there is always a “dump” state that can be o= {qmw, otherwise;
reached by all strings that cannot be continued into a stridg ).

Infimal approximations of a minimal DFSMI are the best approx-
imations, in the sense that, compatibly with the state space size lim-
itation, their behavior contains the behaviorMf and is as close as
possible to it.

Ill. CONTRACTIONS

L(M) = {w € £*|8(qo, w) N F # 0}.

Since we do not require thatq, «) be defined for aly € @ and for all 4) the set of final states is

a € ¥, aminimal DFSM according to our definition will reachable

(i.e., there is a path fronp to any other state) ancbreachabld(i.e., [ { F, if FCQ'
there is a path from any stageto a state in). F U {gnew}\{ai-q;}, otherwise.

Let M be a minimal DFSM with: states. It is not possible to find a
DFSM M’ withn’ < n states that generatég /). However, we can  Note thatM; ; may well be nondeterministic evenif is a DFSM.
look for anM’ with n’ < n states that generatégM’') D L(M)as In Fig. 1, a DFSMAM and its three possible contractions are shown.

a way to approximatés . My,1 is nondeterministic and nonminimalf, » and M, » are deter-
Definition 1: Let M = (Q, X, 4, qo, F') be a minimal DFSM with ministic and minimal.
n states. Let us consider some properties of contractions.
1) AlanguageL, C X* is anapproximationof L(M) if L, D Lemmal:let M = (Q,X%, 6, qo, F') be a DFSM and leb; ; =
L(M). (Q',%, 8, ¢4, F") be its(i, j)-contraction. Then
2) An approximationL, is order n, implementabléf there exists v _
a minimal DFSMA, with n, < n states such thabk, = L(M; ;)= L(M) U [(Ly U L)L] ;(L; U Lj)]
5(q,a), ifee@ N Q A Slg,a)e@ N Q'
(5,((1 a) = qnew, If geQ N Q/ A 6(Q7 a) € {qi=QJ'}
’ 6(qia) U 8(q;.a), ifq=gnew A 8(giya) U 8(gj,a) SQ N Q'

8(giya) U 8(gj,a) U {gnew}\{qirq;}, otherwise.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 46, NO. 5, MAY 2001 799
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Fig. 1. An FSMM and its contractions.

Fig. 3. A minimal FSMA/ with four states and an approximation of order 3.

where
. are the only infimal approximations af of order 2. To prove this one
Ly, ={w € ="6(qn, w) = qx: ¢i, ; € mq(qn.w)} may construct all approximations 8f of order 2.
L,={we E*|6_(q;,,,w) €Figi.g; & mq(gn,w)} Example 3: Not all infimal approximations of order — 1 of a min-
Li;=(L; U LI ULy U L. imal DFSM M with » states are contractions. Consider the DFSM

with four states and the DFSN’ with three states in Fig. 3/’ is
Proof: We will just give a sketch of the proof. First, note that™" approxima_tic_m o/ sinceL(J\:I’) D> L(M) .bUt it can be_easily
from the definition of contraction, it follows that, for alb such that checked that it is not a contraction, because its language is not a su-

] ;. perset of any contraction @ff . Hence, there exists an infimal approx-
Gnew & My (o, w): imation of M of order 3 that is not a contraction. Note, however, that
in this case it can also be shown that forallg;, L(M; ;) is not a

8" (qhsw) = quew = w € (L) U L)) superset of.(M"). Hence, one cannot conclude that the contractions
of M are not infimal approximations.

Contractions are good candidates for infimal approximations of a
minimal DFSM M. There are some cases in which it is possible to
prove that any implementable approximation/@f\) is a superset of
8 (qnew, W) = qnew <> w € L; ; a language generated by some contractioh(@¥/ ).

§ (gnewsw) €F == w e (L; U L;). Theorem 1: Let M = (Q.X, 6,90, F) be a m_in_imal DFSM w?th

' n states and leb’ = (Q', %, 8, ¢, F') be a minimal DFSM with
n' < nsuchthathL(M') > L(M).Leth : Q — 29 be the mapping
Since a wordw € L(M; ;) is generated either with a movedefined by
m(go, w) = qolw)gy € F', wheregncw € mos (g, w), or with a
movem (g, w) = qo[woddnew * -+ [71:,~,1)qneu,[u,lr)q’f € F', where
Gnew & mer(qo,wo) and for allk > 0, gnew & Mo/ (Gnew,wi), it

and for allw such thatj,cw € mg/(gnew, w)

20 € h(qo)
¢ €nlq), ifq eh(@) A bsGa)=q

is possible to prove the result of the lemma. O NS ) = d
Proposition 2: Let M = (Q.3.6,q0.F) be a DFSM and (¢.a)=4q"
let M;; = (Q.,%.8.4).F') be its (i.j)-contraction. Then, o _ o
L(M;;) 2 L(M). Also, if M is a minimal DFSM, then If 2(¢) is asingleton set for alj € @, then there exists afi, j)-con-
L(M; j) D L(M). traction of M/ such that
Proof: The fact thatL(M; ;) D L(M) trivially follows from
Lemma 1. L(M') D L(M; ;) D L(M).

If M is minimal, then stateg; and ¢; are distinguishable, i.e.,
there must exist a string; such that, say$(g¢;, w;:) is in F while
6(gj,w;) is not defined or is not iF’. Now, letwo ; be a string such

wo,;) = qj. 10,5 W; (L
P e € O e by et b ) S o

According to the above proposition, the languages generated by conin fact: by the definition of: land the fact thal.(M") 5 L(M) i
tractions of a DFSMM are approximations af (M). follows thatifé (¢, w) = g thens'(h(q), w) = h(q) whileh(F) C F".

Example 1: The requirement that/ be minimal in Proposition 2 Hence, with the notation of Lemma 1
can be explained by the following example. Fig. 2 shows a DFSM
M that is not minimal and its contractioklo ;. It can be seen that Yw € Ly U L}, 6'(¢h,w) =¢'

LM) = L(Mo,1) = a”. _ o VwelL ULl uLiuL,6,w=¢

Example 2: Not all languages generated by contractions are infimal P ,
approximations. Consider the minimal DFSMI in Fig. 1 and its three Vw € Li U Lj.6(q,w) €F
contractions. The language generatediy is L(My,1) = £*, i.e.,
it is a superset of the languages generated by the contradtippsand  and any string in the sét(}Z; ;), whose expression is given in Lemma
M, . In this case, however, it is possible to prove that. andM; » 1, can also be generated by . O

Proof: Sinceh(q) is a singleton set and > »’, there must exist
two states;, ¢; € @ suchthat(q;) = h(q;) = ¢'. Then, itis possible
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a /) a »
@ '@ '@ M qI
4o q1 q2 a

Fig. 4. A minimal DFSMM in Example 4.

Note 1: There are DFSM4/ such that, regardless of the structure ¢z @’ d
of M’, the image of(¢), as defined in the above theorem, is a singleton b
set. As an example, 187 be a DFSM with a tree-like graph. Since there
is only one path from the initial state to any other state and slifites
deterministic/(¢) can only assume a single value. Thus, for this class
of DFSMs it follows from Theorem 1 that if all languages generated
by contractions are implementable then all infimal approximations of Guew {91,935/ ¢ 491
ordern — 1 of L(M) are contractions.

The author’s feeling is that the implementable languages generated
by contractions of a minimal DFSM{ are almost always infimal ap-
proximations ofL (M) because no counterexample has been found to
disprove the following conjecture.

Conjecture 1: Let M be a minimal DFSM. Let

D
M 0,2

{ Gnews 44} @’ d

Fig. 5. A DFSM M and its contractiom/, » whose language cannot be
L£={L(M;)| AMy 3 L(M;;) D L(M)}. implemented.

Then, all implementable languagesdrare infimal approximations of ~ Step 2a) is the computationally hardest step. In fact, a DRGH
L(M). equivalent to a nondeterministic o€ with n states may have up to

2" states [3]. This means that in general the “determinization” cannot
be done in polynomial time or space.

In Step 2b), the “minimization” of a DFSM with' states can be

In the previous section, we have seen how to construct approgbne with an:’ log n’ algorithm given in [2].
mations of the language generated by a given minimal DFSNby In Step 3), one can use the algorithm given in [1, p. 144] to check
looking at its contractions. if L(M,) C L(M>). If M, hasn, states and/> hasn. states the

We have also noted that a contraction is not always deterministigmplexity of the algorithm i8G(n), wheren = ni+n» andG(n) <
Thus, to implement a contraction language we may have to conver gor n < 26°°36,
contractionM; ; into a deterministic FSM. The following examples
will show several possible cases.

Example 4: In this example we consider contractions that are non-
minimal. Consider the minimal DFSM with three states in Fig. 4. It is In this section, we consider the following problem. Given a/sét
easy to see that all its contractions generate the langliage*, that Of approximations of a given minimal DFSM and a finite set of
can be generated by a single state DFSM. Since all contractiah® ofobserved stringg, C L(M), choose among all FSMs i the best
have two states they are not minimal. Note th&f ; is nondetermin- approximation relative to the observed behavior, i.e., the approximation
istic, while M, 2 and M, » are deterministic. M' that maximizes a suitable functigi{ L., M").

Example 5: In this example, we show that not all languages gener- First of all, givenA’ = (Q", £, 6", ¢o, F') we define two functions
ated by contraction are implementable. Consider the minimal DFSM/ : Q" — N. The first one is such that(¢') = 1if ¢ € F'

M with five states in Fig. 5. The contractidi, - is not deterministic. (i-e., if it is a final state), else(q') = 0. The second one is such that
When we compute the minimal DFSM that generdtés/; »), we ob-  #(¢') = [{a € £7[6'(¢’, a) is defined}], i.e., it counts the number of

IV. IMPLEMENTING AN APPROXIMATION

V. CHOOSING THEBEST APPROXIMATION

tain the DFSMM{, that has six states. events enabled at.
The following algorithm can be used to compute a.s¢tof good If we have no additional knowledge, we may assume that at each step
approximations of a minimal DFSM. while generating a string and being in a statg, ' may choose with

equal probability to accept the string generated so fay' (i§ a final
state) or to continue, executing one of the events enablgdEte total

Algorithm 1:Let A be a minimal DFSM with states. number of choices at each state is tig') + ju(q').
1) Construct the set1“ of all contractions of\. Thus, letw = aya» - - - a, be generated by!’ with the move
2) Let M™ be the set constructed as follows. For all contractions

M, ; € M=

a) If M. ; is deterministic lef,”; = M, ;, else letM/”; be a DFSM m{gh, w) = golaidgiaz) - - qr_1[ar g

equivalent toM; ;.
b) If MP; is minimal letM;”, = MP;, else letM"; be a minimal
DFSM equivalent ta\/;”;. We define amerit function
c) If the number of states Q¥ is ., < n,letd™ € M™.
3)LetM = {M' e M™| BM" € M™ 5 L(M') D L(M")}. M -
is a set of approximations il of order less tham. flw, M) = H

1=0

1
v(gh) + p(g)

Following are some comments on the complexity of the algorithm.
In Step 1), there ar€;) = (n(n — 1))/2 contractions. whose value is a measure of the likelihood théis generated by’ .
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Example 6: Consider the DFSMV in Fig. 1 and its two approxi-  This note has also discussed how, given a set of approximations of
mationsMo 2, andM, ». The stringw; = (ab)*a is more likely to be an FSMM, itis possible to define a merit function to choose the best
generated by, » since approximation with respect to a given observed behalio€ L(M).

The approach presented in this note leaves open some interesting
problems. First, we do not know if the conjecture presented in Sec-

k
flwi, Myo) = <l . l) . l - L tion Il is true; it should be possible to prove it or to find a counterex-

23 2 2-6* ample to disprove it. Second, it may be interesting to try to apply the

contraction technique to other graphical models of discrete event sys-

while tems such as Petri nets.
k
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flwa, Mo o) =

N | =

f(’U.'Q./A[] 72) =1- <

The next proposition shows thdtis a good measure for choosing
among approximations in the sense that it tends to give higher rating to
infimal approximations.

Proposition 3: Let M = (Q,X,4,¢0,F) and M' =
(Q',%. 8,4, F') be DFSMs such thak(M) C L(M'). Then, for
allw e L(M), f(w, M) > f(w, M").

Proof: Letw = aja2---a, be generated byy/ with the move
qo[a1)q1 -+ [ar)gr, and by M" with the movegola1)q' -+ - [ar)q;.
SinceL(M) C L(M'), it follows that:

1) qi € F'if ¢ € F,ie,v(q)) > v(q);

2) 6(q;,a) is defined if§(q;, a) is defined, i.e.j(q;) > p(q:).
Hence,f(w, M) > f(w, M'). O

The merit functionf can be extended to set of strings.if C
L(M"), we define

F(LM) = H Flw, M").

wel

Thus, given a seM of approximations of a given minimal DFSM
M and a finite set of observed strings, we say that the best approx-
imation of M with respect tof and L., is the DFSMM' € M such
that

F(Lo. M) = mas [f(Lo. M")]
M’"7em /

Different merit functions could be used if we assume that some
knowledge on the probability of occurrence of different event&in
is known.

VI. CONCLUSION

This note has presented introductory work on the model reduction
of discrete event systems represented by FSMs.

It was shown how a set of good—but possibly not infimal—approx-
imations of a given minimal DFSM/ can be computed efficiently by
looking at contractions a¥{. In some particular case, itis also possible
to prove that the approximations thus constructed are infimal.



